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Visualizing energy flows through energy streamlines and pathlines
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Abstract

This paper describes the new technique of total energy flow visualization inside channels and enclosures for natural, mixed, and forced
convection heat transfer problems. Specifically, the flow of the total energy is visualized by energy streamlines or pathlines. In 2-D,
energy streamlines are obtained by solving a Poisson equation of type r2U ¼ ðr � _EÞ � k̂ where U is the energy streamfunction. _E is
the energy flux density vector and k̂ is the unit vector. One of the objectives of this paper is to find expressions for _E as a function of
velocity, temperature, electric field, magnetic field, and fluid/flow properties. In 3-D, energy pathlines are used to visualize total energy
flow. In concept, ‘‘total energy” includes all relevant forms of energy; for example, thermal, potential, kinetic, magnetic, electrical, and
chemical. Steady-state convection heat transfer problems are selected from the available literature and energy streamlines are presented
for these problems. For unsteady periodic problems, energy streamfunctions are calculated from the time averaged velocity, temperature,
and other relevant properties. Finally, an energy pathline visualization technique is proposed for 3-D problems.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

It is traditional practice to use streamlines and isother-
mal lines together to describe flow field and thermal field
characteristics, respectively, in convection heat transfer
problems. Streamfunction and streamlines are very efficient
and largely used tools to visualize two-dimensional flow
fields [1,2]. Streamlines and isotherms, however, do not
visually describe relationships between the energy flow
mechanisms of fluid flow and thermal diffusion in convec-
tion problems. Combining thermal diffusion and enthalpy
flows, Kimura and Bejan [3] and Bejan [4] proposed ‘‘heat-
line” as a powerful alternative way to visualize thermal
energy flow. Heatlines simultaneously consider both con-
ducted and convected thermal energies. In the limit of van-
ishingly small convective flow, the heatline reduces to the
heat flux line which is a well established concept in conduc-
tion heat transfer [2]. The concept of ‘‘heatline” has been
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employed by other researchers to describe other situations;
for example, see Ho and Lin [5], Morega and Bejan [6,7],
Aggarwal and Manhapra [8], and Costa [9,10]. Further-
more, the heatline concept has recently been adapted to
convective mass transfer by introducing the massfunction
and massline concepts [9–13].

The objective of this paper is to introduce the energy
streamline as an alternate convection heat transfer energy
visualization technique. Energy streamlines as considered
in this paper consider all forms of relevant energy; for
example, thermal energy, potential energy, kinetic energy,
electrical energy, magnetic energy, and chemical energy.
An essential requirement for calculating energy stream-
functions (U) is to first formulate the energy flux density
vector ( _E). The energy flux density vector also includes
all forms of relevant energy as mentioned above and some
specific forms of _E are derived in Sections 2–4. For a spe-
cific convection heat transfer problem, the energy stream-
function can be calculated by solving the following
differential equation:

o2U
ox2
þ o2U

oy2
¼ �ðr � _EÞ � k̂ ¼ o _Ex

oy
� o _Ey

ox
ð1Þ
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Nomenclature

B magnetic induction vector, Wb m�2

By component of the magnetic induction vector at y
direction, Wb m�2

D a reference distance, m
e internal energy per unit mass, J kg�1

E energy per unit volume, J m�3

E electric field intensity vector, Volt m�1

_E energy flux density vector, W m�2

Ec Eckert number, ¼ u2
0=CpDT

_Ex x component of the energy flux density vector,
W m�2

_Ey y component of the energy flux density vector,
W m�2

_Ez z component of the energy flux density vector,
W m�2

h enthalpy per unit mass, J kg�1

Ha Hartmann number, ¼ By

ffiffiffiffiffiffiffiffiffiffiffiffi
rK=l

p
J current density vector, amp m�2

k thermal conductivity, W m�1 K�1

K permeability of the porous medium, m2

k̂ unit vector in z direction
Pe Péclet number, = Re � Pr

Pr Prandtl number, ¼ l=Cpk
Ra Rayleigh number, ¼ gbDTD3=ma
RaK Darcy modified Rayleigh number, ¼ gbDTDK=

am

Re Reynolds number, ¼ qu0D=l
s specific entropy, J kg�1 K�1

S surface vector, m2

t time, s
T temperature, K
Tref a problem dependent [22–33] reference tempera-

ture, K
u0 a problem dependent [22–33] reference velocity,

m s�1

v velocity vector, m s�1

Greek symbols

q density of the fluid, kg m�3

r electric conductivity of the fluid, X�1 m�1

r viscous stress tensor, N m�2

r* dimensionless viscous stress tensor
m kinematic viscosity of the fluid, m2 s�1

l dynamic viscosity of the fluid, N s m�2

l0 permeability of the free space, = 4p � 10�7

Wb amp�1 m�1

U energy stream function, W m�1

H dimensionless temperature, ¼ ðT � T refÞ=DT
DT a problem dependent [22–33] reference tempera-

ture difference, K
" volume, m3
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where Ex and Ey are the x and y components of the energy
flux density vector ( _E) and k̂ is the unit vector at the z direc-
tion. The application of a proper boundary condition for
Eq. (1) is a complicated issue. An excellent discussion on
a boundary condition for the heatline/massline equation
(similar to Eq. (1)) is available in Costa [13] (see Section
2.2 of [13]). A similar argument to that considered by Costa
[13] is used in the present study with the corresponding
boundary condition for Eq. (1) being

UP;b ¼ Uref;b þ
Z P;b

ref ;b

_E:n̂dsb ð2Þ

where subscripts ‘b’, ‘ref’, and ‘P’ represent a boundary va-
lue, a reference value, and a particular point on the bound-
ary, respectively. dsb is a small boundary segment whose
surface normal is represented by n̂.

The term ‘‘energy streamline” has been used before by
Chapman [14] to describe the energy flows associated with
waves based on an energy velocity concept; energy velocity
is defined as the ratio of energy flux transmitted by the
wave to the energy density of the wave [14]. In contrast
to the Chapman energy velocity definition of energy
streamline the energy flux definition of energy streamline
presented in this paper is capable of being applied to elec-
tromagnetic waves [14]. Furthermore, the energy velocity
definition looses physical meaning when extended to
describe conduction energy transfer. In short, energy veloc-
ity energy streamlines and energy flux energy streamlines
are two distinctly different definitions for energy stream-
lines. To emphasise the more general nature of the energy
flux energy streamline presented in this paper the authors
propose that they be called total energy streamlines if con-
fusion is possible.

The rest of the paper has the following format: In Sec-
tion 2, an expression for _E is derived for a viscous fluid
exposed to a temperature gradient. The expression of _E
derived in Section 2 is extended in Section 3 to consider
an external magnetic energy source. Some special cases
are discussed in Section 4. Section 5 gives some graphical
examples of energy streamline distribution patterns inside
channels and enclosures whose streamlines and isothermal
lines are available in different published articles. Section 6
describes a way to handle unsteady problems. Finally, Sec-
tion 7 presents the concept of energy pathlines to visualize
3-D problems as energy streamlines are restricted to 2-D
visualization.

2. Viscous fluid energy streamline

Consider a volume element fixed in space. The energy in
this unit volume of the fluid is
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E ¼ 1

2
qv2 þ qe; ðv2 ¼ jvj2 ¼ u2

x þ u2
y þ u2

z Þ ð3Þ

where the first term on the right hand side is the kinetic
energy and the second term is the internal energy per unit
volume, respectively. In Eq. (3), e is the internal energy
per unit mass. The rate of change in E with time is given
by the following partial derivative

oE
ot
¼ o

ot
1

2
qv2 þ qe

� �
: ð4Þ

In order to calculate the quantity oE/ot, the right hand side
of Eq. (4) can be expanded to

o

ot
1

2
qv2 þ qe

� �
¼ 1

2
v2 oq

ot
þ qv � ov

ot
þ q

oe
ot
þ e

oq
ot
: ð5Þ

The four consecutive terms on the right hand side of Eq. (5)
are calculated next. Using the continuity equation [1],

oq
ot
þr � ðqvÞ ¼ 0; ð6Þ

the first term can be expressed as

1

2
v2 oq

ot
¼ � 1

2
v2r � ðqvÞ: ð7Þ

Using the Navier–Stokes equation without gravity [15],

ov

ot
þ ðv � rÞv ¼ � 1

q
rp þ 1

q
or0ik
oxk

; ð8Þ

the second term of Eq. (5) can be expressed as

qv � ov

ot
¼ �qv � ðv � rÞv� v � rp þ v � or0ik

oxk
: ð9Þ

In Eqs. (8) and (9), r0ik is the viscous stress tensor which
imparts the irreversible ‘‘viscous” transfer of momentum
from the fluid. Following Bird et al. [15] and Landau and
Lifshitz [16], r0ik can be expressed as

r0ik ¼ l
ovi

oxk
þ ovk

oxi
� 2

3
dik

ovj

oxj

� �
þ 1dik

ovj

oxj
ð10Þ

where l, f, and dik are the dynamic (or absolute) viscosity
of the fluid, bulk (or second) viscosity of the fluid, and
Kronecker delta, respectively. A vector transformation of
the v � ðv � rÞv term in Eq. (9) yields [15]:

v � ðv � rÞv ¼ 1

2
v � rðv2Þ: ð11Þ

Next, using the following thermodynamic relation,
dh ¼ T dsþ dp=q [17], $p in Eq. (9) can be transformed
into the following form:

rp ¼ qrh� qTrs ð12Þ

where h and s are the enthalpy and entropy per unit mass,
respectively. The last term on the right hand side of Eq. (9)
can be transformed to
v � or0ik
oxk
¼ vi

or0ik
oxk
¼ o

oxk
vir
0
ik

� �
� r0ik

ovi

oxk

¼ r � v � rð Þ � r0ik
ovi

oxk
ð13Þ
where v � r denotes the vector whose components are vir0ik
[15]. Using Eqs. (11)–(13), (9) becomes

qv � ov

ot
¼ � 1

2
qv � r v2

� �
� qv:rhþ qT v � rs

þr � v � rð Þ � r0ik
ovi

oxk
: ð14Þ
Using the thermodynamic relation [17]

de ¼ T ds� pd8 ¼ T dsþ p
q2

dq; ð15Þ
the third term on the right hand side of Eq. (5) can be
expressed as

q
oe
ot
¼ q T

os
ot
þ p

q2

oq
ot

� �
¼ qT

os
ot
� p

q
r � qvð Þ; ð16Þ
where the continuity equation (Eq. (6)) is used to obtain
the final form of Eq. (16). Using these transformations,
Eq. (5) can be expressed as

o

ot
1

2
qv2 þ qe

� �
¼ � 1

2
v2r � qvð Þ � 1

2
qv � r v2

� �

� qv � rhþ qT v � rsþr � v � rð Þ

� r0ik
ovi

oxk
þ qT

os
ot
� p

q
r � qvð Þ � er � qvð Þ:

ð17Þ
Rearranging the right hand side of Eq. (17) one can obtain

o

ot
1

2
qv2 þ qe

� �
¼ � 1

2
v2 þ eþ p

q

� �
r � ðqvÞ

� qv � r 1

2
v2 þ h

� �
�r � ðkrT Þ þ r � ðv � rÞ

� r0ik
ovi

oxk
þ qT

os
ot
þ v � rs

� �
þr � ðkrT Þ:

ð18Þ
Note that the term r:ðkrT Þ is subtracted and added to Eq.
(18), the reason for doing this is to enable clear identifica-
tion of the energy equation in Eq. (23) below. Now, the
thermodynamic relation [17]

eþ p
q
¼ h ð19Þ
can be used to get a more compact form of Eq. (18) as
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o

ot
1

2
qv2 þ qe

� �
¼ � 1

2
v2 þ h

� �
r � ðqvÞ

� qv � r 1

2
v2 þ h

� �
þr � krTð Þ

þ r � ðv � rÞ � r0ik
ovi

oxk

þ qT
os
ot
þ v � rs

� �
�r � ðkrT Þ: ð20Þ

Using the vector operation [15]

r � ðabÞ ¼ ar � ðbÞ þ b � rðaÞ; ð21Þ
Eq. (20) can be converted into the following form:

o

ot
1

2
qv2 þ qe

� �
¼ �r � qv

1

2
v2 þ h

� �� �
þr � ðv � rÞ þ r � ðkrT Þ

� r0ik
ovi

oxk
þ qT

os
ot
þ v � rs

� �
�r � krTð Þ;

ð22Þ

which, after some additional simplifications and rearrange-
ments, becomes

o

ot
1

2
qv2 þ qe

� �
¼ �r � qv

1

2
v2 þ h

� �
� v � r� krT

� �

þ qT
os
ot
þ v � rs

� �
�r � ðkrT Þ � r0ik

ovi

oxk
:

ð23Þ

Finally, using the following specific form of the energy
equation [16],

qT
os
ot
þ v � rs

� �
¼ r � ðkrT Þ þ r0ik

ovi

oxk
; ð24Þ

one can express Eq. (23) as

o

ot
1

2
qv2 þ qe

� �
¼ �r � qv

1

2
v2 þ h

� �
� v � r� krT

� �

¼ �r � ð _EÞ: ð25Þ

To assist in the interpretation of Eq. (25) it can be inte-
grated over a given closed volume as follows:

o

ot

Z
8

1

2
qv2 þ qe

� �
d8 ¼ �

Z
8
r � qv

1

2
v2 þ h

� �
� v � r� krT

� �
d8

¼ �
I

qv
1

2
v2 þ h

� �
� v � r� krT

� �
� dS:

ð26Þ

The final form of Eq. (26) is obtained after converting the
volume integral to a surface integral. The left hand side of
Eq. (26) is the rate of change of energy in a given volume.
The right hand side is the amount of energy flowing into
this volume in unit time. The negative sign on the right
hand side means that the surface integral describes the en-
ergy flowing out of the given volume. With this interpreta-
tion of the surface integral, the expression
_E ¼ qv
1

2
v2 þ h

� �
� v � r� krT ð27Þ

will be called the energy flux density vector and it has units
of energy per unit volume per unit time. In steady state, Eq.
(25) reduces to

r � _E ¼ 0: ð28Þ

Eq. (28) tells one that the steady-state energy flux density is
a conserved quantity like mass flux density in an incom-
pressible fluid. For a two-dimensional problem in Carte-
sian co-ordinates, the x and y components of Eq. (27)
can be expressed as

_Ex ¼ qux
1

2
ðu2

x þ u2
yÞ þ h

	 

� ðuxrxx þ uyryxÞ � k

oT
ox

ð29aÞ

_Ey ¼ quy
1

2
ðu2

x þ u2
yÞ þ h

	 

� ðuxrxy þ uyryyÞ � k

oT
oy

ð29bÞ

where

rxx ¼ l
2

3
2
oux

ox
� ouy

oy

� �
; ryy ¼ l

2

3
2
ouy

oy
� oux

ox

� �
;

rxy ¼ ryx ¼ l
oux

oy
þ ouy

ox

� �
ð30Þ

are obtained from Eq. (10) assuming a zero bulk viscosity.

3. Energy streamlines in presence of a magnetic force

In the presence of an external field (in this case a mag-
netic force), Eqs. (25) and (27) must be modified accord-
ingly. A magnetic field stores energy in conducting fluids,
energy that will be shown capable of flowing in or out of
a given volume as a magnetic energy flux. To start, Eq.
(4) must now include a magnetic energy term (¼ B2=2l0)
where B and l0 are the magnetic induction and the perme-
ability of free space, respectively. Therefore, the modified
equation becomes

oE

ot
¼ o

ot
1

2
qv2 þ qeþ B2

2l0

� �
: ð31Þ

After expansion, Eq. (31) becomes

o

ot
1

2
qv2 þ qeþ B2

2l0

� �
¼ 1

2
v2 oq

ot
þ qv � ov

ot
þ q

oe
ot
þ e

oq
ot

þ 1

l0

B � oB

ot
: ð32Þ

The first, third, and fourth terms on the right hand side of
Eq. (32) have already been calculated in Eqs. (7), (16), and
(17) and need no additional modification. In order to calcu-
late the second term one needs to consider the momentum
equation, including the magnetic force, as follows [18]:

ov

ot
þ v � rð Þv ¼ � 1

q
rp þ 1

q
or0ik
oxk
þ 1

q
ðJ� BÞ: ð33Þ

Therefore, the second term on the right hand side of Eq.
(32) becomes



3994 S. Mahmud, R.A. Fraser / International Journal of Heat and Mass Transfer 50 (2007) 3990–4002
qv � ov

ot
¼ �qv � v � rð Þv� v � rp þ v � or0ik

oxk
þ v � ðJ� BÞ:

ð34Þ

The first, second, and the third terms on the right hand side
of Eq. (34) have already been calculated in Eqs. (11)–(13).
The fourth term can be calculated as

qv � ov

ot

� �
MHD

¼ v � ðJ� BÞ ¼ �J � ðv� BÞ: ð35Þ

The qv � ov=ot term in Eq. (34) contains four different terms
and first three of them are already calculated in Section 2.
In this section, the fourth term (magnetic term) will be cal-
culated and, for convenience, the subscript ‘MHD’ on the
left hand side of Eq. (35) is used to represent the magnetic
force component term only from Eq. (34). Using Maxwell’s
equation [18] oB=ot ¼ �r� E, the fifth term on the right
hand side of Eq. (32) can be written as

1

l0

B � oB

ot
¼ 1

l0

B � �r � Eð Þ½ � ð36Þ

where the electric field (E) can be approximated using
Ohm’s law [18], J ¼ rðEþ v� BÞ, as

E ¼ J

r
� v� B ð37Þ

where J and r are the volume current density and the elec-
trical conductivity of the fluid, respectively. Using Eq. (37),
the right hand side of Eq. (36) becomes

1

l0

B � �r � ðEÞ½ � ¼ � 1

l0

B � r � J

r

� �� �
þ 1

l0

B � ½r � ðv� BÞ�:

ð38Þ

Using the vector identity [15] r � ða� bÞ ¼ b � r�
a� a � r � b, the first term on the right hand side of Eq.
(38) can be expressed as (for constant l0 and r)

1

l0

B � r � J

r

� �� �
¼ 1

rl0

B � ½r � ðJÞ�

¼ 1

rl0

½r � ðJ� BÞ þ l0J2�: ð39Þ

And using the same vector identity, the second term on the
right hand side of Eq. (38) can be written as

1

l0

B � r � ðv� BÞ½ � ¼ 1

l0

r � ½ðv� BÞ � B� þ 1

l0

ðv� BÞ � r � ðBÞ

¼ � 1

l0

r � ½B� ðv� BÞ� þ 1

l0

r� ðBÞ � ðv� BÞ

¼ � 1

l0

r � ½B� ðv� BÞ� þ J � ðv� BÞ ð40Þ

after using Maxwell’s equation [18] r� B ¼ l0J. Consid-
ering Eqs. (39) and (40), (38) becomes
1

l0

B � �r � ðEÞ½ � ¼ �r � J� B

rl0

� �
� J2

r
� 1

l0

r � ½B� ðv� BÞ�

þ J � ðv� BÞ: ð41Þ

Additional modifications using Eqs. (35) and (36) yields

qv � ov

ot

� �
MHD

þ 1

l0

B � oB

ot

¼ � 1

l0

r � ½B� ðv� BÞ� � r � ðJ� B

rl0

Þ � J2

r
: ð42Þ

Finally, Eq. (32) becomes

o

ot
1

2
qv2þqeþ B2

2l0

� �
¼�r� qv

1

2
v2þh

� �
�v �r� krT

�

þ 1

rl0

ðJ�BÞþ 1

l0

B� v�Bð Þ½ �
�

þqT
os
ot
þv:rs

� �
�r: krTð Þ�r0ik

ovi

oxk
�J2

r

ð43Þ

where J2/r is Joule dissipation [18,19]. Using the following
specific form of the energy equation [16],

qT
os
ot
þ v � rs

� �
¼ r � ðkrT Þ þ r0ik

ovi

oxk
þ J2

r
; ð44Þ

the energy flux density vector including magnetic energy
becomes

_E ¼ qv
1

2
v2 þ h

� �
� v:r� krT þ 1

rl0

ðJ� BÞ

þ 1

l0

½B� ðv� BÞ�: ð45Þ

Eq. (45) is the required expression for the energy flux den-
sity vector in the presence of a magnetic field.

4. Extending the energy flux density vector to other cases

The derived expressions for the energy flux densities
given by Eq. (27) and extended by Eq. (45) to magnetic
fields can be further extended to describe porous media,
gravitational energy, and other forms of energy. For each
case, one needs to identify the additional source term(s)
in the energy and momentum conservation equations,
and to consider the modified thermodynamic relations
due to those source terms.

4.1. Porous media

Consider convective flow through a porous medium. If
one considers, for example, the Darcy–Brinkman–Forch-
heimer model of porous medium [20,21], the Darcy term
ðm=KÞv and the Forchheimer term ðC=

ffiffiffiffi
K
p
Þvjvj in the

momentum equation [20,21] result in two additional terms,
qðm=KÞv � v and qðC=

ffiffiffiffi
K
p
Þv � vjvj, on the right hand side of

Eq. (9). These two additional terms are represented by the
viscous dissipation function



S. Mahmud, R.A. Fraser / International Journal of Heat and Mass Transfer 50 (2007) 3990–4002 3995
Udiss ¼
l
K
þ qCffiffiffiffi

K
p vj j

� �
v � v ð46Þ

in the energy equation for porous medium [21]. Therefore,
the form of the energy flux density equation for porous
medium is similar to Eq. (27) but velocity and temperature
should be read as volume averaged velocity and volume
averaged temperature, and the thermophysical properties
should be read as the effective thermophysical properties
of porous media [4].
4.2. Gravitational energy

Consider, next, the effect of gravity. As mentioned in
Landau and Lifshitz [16], the effect of gravity on energy
flux density is negligible unless the system considered is
very large. The energy inherent to gravitational force is
the potential energy q r �g [16] where r and g are the posi-
tion and gravity vectors, respectively. For a large system,
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Fig. 1. Lid driven cavity flow at (a) Re = 1 and (b) Re = 100.
the q r �g term should be placed inside the time derivative
on the right hand side of Eq. (4). The momentum equation
(Eq. (8)) must have a gravity source term g added to the
right hand side. If it is assumed that the gravity field is
independent of time, then one needs to calculate two addi-
tional terms; that is, ðr � gÞoq=ot and q v �g. Considering the
product r �g as a gravity potential u [16], the gravity vector
g can be expressed as �$u[16] which enables the terms
ðr � gÞoq=ot and q v�g to be expressed as

ðr � gÞ oq
ot
¼ �ur � ðqvÞ and qv � g ¼ �qv � ru: ð47Þ

Performing similar mathematical operations to those used
to obtain in Eqs. (17)–(23), one can finally express the grav-
ity force modified energy flux density equation for a large
system with an unchanging gravity field as

_E ¼ qv
1

2
v2 þ hþ u

� �
� v � r� krT : ð48Þ
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Fig. 2. Buoyancy induced flow in a square cavity at (a) Ra = 5 � 102 and
(b) Ra = 1 � 104.
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5. Examples in 2-D

In this section, several 2-D problems are selected from
the available literature [22–33] to show the associated
energy streamline distribution pattern. The selection of
2-D test cases is arbitrary. Only steady-state and 2-D prob-
lems are discussed in this section. The discussions on
unsteady and 3-D problems are left for the following two
sections. For each test case, the governing momentum
and energy equations are numerically solved using a finite
volume method. A detail description of the method, dis-
cretization scheme, and solution algorithm is available in
Hortmann et al. [22] and is not repeated here. However,
it should be noted that many other problems available in
the heat transfer literature [34–54] are well suited for such
analysis.

The contribution of different energy components (the
right hand side of Eqs. (27), (45), or Eq. (48)) on energy
flux density (as well as on energy streamfunction) largely
depends on the fluid, flow, and geometric properties for a
particular convection heat transfer problem. In order to
observe the influence of these energy components, Eq.
(27) is cast into non-dimensional form for the cases of
either forced or natural convection yielding

Forced convection:

_E=E0 ¼ EcPe V
1

2
jVj2

� �
� EcPrV � r� þ PeðVHÞ � rH

ð49aÞ
Natural convection:

_E=E0 ¼ EcRa V
1

2
jVj2

� �
� EcPrV � r� þ RaðVHÞ � rH

ð49bÞ
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Fig. 3. The Rayleigh–Benard convection
where E0 is a reference energy flux density (¼ kDT=W Þ and
Ra, Pe, and Ec are the Rayleigh number, Péclet number,
and Eckert number, respectively, as defined in the nomen-
clature section. In order to obtain Eqs. (49a) and (49b),
characteristics of velocity and temperature, as described
in references [22–33], are used. Since there are cases where
each of the terms on the right hand side of Eqs. (49a) and
(49b) can be zero the choice of energy flux for non-dimen-
sionalization purposes was based on the fact that this work
focuses on heat transfer problems. That is, heat transfer
implies the presence of a non-zero temperature gradient
and hence there will always be a non-zero magnitude to
the reference energy flux. The choice of reference tempera-
ture difference (DT) is problem dependent [22–33]. It is
observed from Eqs. (49a) and (49b) that the relative
magnitudes of the different energy components also depend
on the magnitudes of Ra, Pe, and Ec.

Hot walls always act as one of the sources of energy
streamlines. Similarly, cold walls always act as one of the
sinks of energy streamlines. At a vanishingly small Péclet
number (Pe � 0) or relatively low Rayleigh number, where
the velocity components are very small the contribution of
kinetic energy and convective thermal energy is negligible
compared to that of conductive thermal energy. As men-
tioned earlier, energy streamlines become heat flux lines
at very small Ra or Pe. As such, at low Ra or Pe essentially
all the ‘‘free” energy streamlines originate at the hot wall,
pass through the fluid, and intersect the cold wall. For a
closed system an energy streamline is said to be ‘‘free” that
originates at the hot wall or other energy source, passes
through the fluid, and terminates at the cold wall or other
energy sink, while one that originates inside the fluid region
and forms a closed loop is said to be ‘‘trapped”. When Ra

or Pe is relatively high, kinetic energy and convective ther-
X
0.02 0.03 0.04

X
0.03 0.04 0.05

at (a) Ra = 1000 and (b) Ra = 2500.
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mal energy dominate and the ‘‘trapped” energy streamlines
occupy a large portion of the channel or cavity. In forced
convection, the ‘‘trapped” energy streamlines occupy a
major portion of the channel or cavity even at low Péclet
number.

As the first example, consider lid driven cavity flow
[23,24] in a square enclosure. Fig. 1a and b display the
energy streamlines for Reynolds number Re = 1 and 100,
respectively. The top wall in Fig. 1 is hot and is moving
from left to right while the remaining three walls are cold
and stationary. Reynolds number is calculated based on
the lid velocity (u0) and cavity height or width (D). Ten iso-
thermal lines with uniform DT are additionally plotted in
each figure. The arrow-marks in each energy streamline
indicate its direction.

The next example is the classical buoyancy induced nat-
ural convection in a square cavity problem [22]. Energy
streamlines and isothermal lines for Ra = 5 � 102 and
1 � 104 are displayed in Fig. 2a and b, respectively. The
definition of Ra is given in the nomenclature. In Fig. 2,
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Fig. 4. Free convection inside a wavy cavity at (a) Ra = 5 � 102 and (b)
Ra = 1 � 104.
the two vertical walls are isothermal but the temperature
of the left wall is higher than the right wall, while the top
and bottom walls are thermally insulated.

The third example is Rayleigh–Bénard convection [25] in
an enclosure of aspect ratio 0.25 (=height/width). The
Rayleigh number for this case is defined based on the
height of the cavity. Fig. 3a and b display the energy
streamlines and isothermal lines for Ra = 1000 and
Ra = 2500, respectively. In Fig. 3, the two horizontal walls
are isothermal but the temperature of the bottom wall is
higher than the top wall, while the left and right walls are
thermally insulated.

In order to show the energy streamline patterns inside a
complicated geometry a wavy enclosure under free convec-
tion [26] is selected as the fourth example. The energy
streamlines and isothermal lines are displayed in Fig. 4a
and b for Ra = 5 � 102 and Ra = 1 � 104, respectively.
The Rayleigh number is calculated based on the average
X

Y

-2 -1 0 1 2
-2

-1

0

1

2

Concentric cylinder, Ra=1000 

X

Y

-2 -1 0 1 2
-2

-1

0

1

2

Concentric cylinder, Ra=5000 

Fig. 5. Free convection inside a concentric annular space at (a) Ra = 103

and (b) Ra = 5 � 103.
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interwall spacing of the wavy walls [26]. The enclosure
height to average interwall spacing ratio is kept equal to
2. In Fig. 4, the two wavy walls are isothermal but the tem-
perature of the left wavy wall is higher than the right wavy
wall, while the top and bottom walls are thermally
insulated.

In the fifth example, natural convection heat transfer is
considered inside a concentric annular space [27]. Fig. 5a
and b show the energy streamlines and isothermal lines at
Ra = 103 and 5 � 103, respectively. Rayleigh number is cal-
culated based on (ro � ri) where ro and ri are the outer
radius and inner radius, respectively. In Fig. 5, both cylin-
ders are isothermal but the inner cylinder is hot and the
outer cylinder is cold.

In the sixth example, a more complicated case of finned
surface or baffled surface under natural convection is con-
sidered. Recent studies of Shi and Khodadadi [28] and Tas-
nim and Collins [29] present the complex fluid dynamics
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Fig. 6. Free convection in a cavity with fin or baffle at (a) Ra = 103 and
(b) Ra = 5 � 103.
and heat transfer characteristics of cavities with fins or baf-
fles attached to the hot wall as shown in Fig. 6. For
Ra = 103 and 5 � 103. Fig. 6a and b show the energy
streamlines and isothermal lines inside a finned or baffled
cavity. Rayleigh number is calculated based on the height
of the cavity. The temperature of the left wall with the
fin (or baffle) is higher than the temperatures of the remain-
ing three walls.

In the seventh example, both porous medium and mag-
netic force are considered together. A square cavity filled
with a porous medium under natural convection [4,30] is
considered to be one of the classic problems of convection.
At Darcy modified Rayleigh number, RaK = 100, Fig. 7a
shows the distributions of the energy streamlines and iso-
thermal lines inside the cavity. The definition of RaK is
available in the nomenclature section. A magnetic field
can modify the flow and thermal fields [31,32] of such a
cavity flow significantly. Corresponding energy streamlines
and isothermal lines are displayed in Fig. 7b for a
RaK = 100 and Ha = 5, where Ha is the Hartmann number
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Fig. 7. Free convection in a porous cavity with transverse magnetic field
at (a) Ra = 100 and Ha = 0 and (b) Ra = 100, Ha = 5.
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(see nomenclature for definition) which is the ratio of the
magnetic force to the viscous force.

The eighth and ninth examples are shown in Figs. 8 and
9 where penetrative convection in a porous layer [33] is
considered for two different orientations of the hot and
cold walls. In Fig. 8, the bottom half of the left isothermal
wall is hot, while the top half is cold (complete penetration
[33]). In Fig. 9, the bottom half of the left isothermal wall is
cold, while the top half is hot (incomplete penetration [33]).
The remaining three walls in Figs. 8 and 9 are thermally
insulated. The Darcy modified Rayleigh number is calcu-
lated based on the height of the cavity. Figs. 8a and 9a
show the energy streamlines and isothermal lines for
RaK = 50 and Ha = 0, while Figs. 8b and 9b show the
energy streamlines and isothermal lines for RaK = 50 and
Ha = 5.

6. Unsteady periodic problem in 2-D

For time dependent periodic problems, the energy
streamfunction can be estimated from the time averaged
energy flux density vector. One good example of such a
problem is the thermoacoustic effect as found in thermo-
acoustic engines and refrigerators [55]. For temporally
periodic problems like that found in thermoacoustic
engines and refrigerators, the time average over one or
multiple time periods of Eq. (25) leads to

1

s

Z s

0

o

ot
1

2
qv2 þ qe

� �
ds ¼ 0; with s ¼ 2p

x
ð50Þ

where x is the angular frequency of oscillation. In such a
case, the time averaged energy flux density vector becomes

1

s

Z s

0

_Eds ¼ _E ¼ qv
1

2
v2 þ h

� �
� v � r� krT ð51Þ

where the overbar denotes the time average of a variable or
expression. For different thermoacoustic problems in 2-D,
Cao et al. [56], Ishikawa and Mee [57], and Mahmud and
Fraser [58] calculate and display the energy flux density
near a thermoacoustic stack. Fig. 10 shows an example
of an energy streamline distribution near a thermoacoustic
stack.
7. Problems in 3-D

The concept of streamfunction, mass function, heat
function, and energy streamfunction is invalid for 3-D



Plate of negligible thickness 

Symmetry

Symmetry Symmetry

Fig. 10. The energy streamline near a stack plate of negligible thickness.
Helium is the working fluid. Properties of helium are calculated at
Tm = 298.15 K. Other input parameters are DR = 1.7%, x = 628.571 rad/
s, Sw = 2.45, Pr = 0.6672, and k = 10.1595 m. The domain length (DL)
equals k/4 and the plate length (L) equals 5% of k. The outer edge (here
right side) of the plate is located at one-eighth of the k.
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problems because of the definitions of such functions are
restricted to 2-D. Although Mallinson and Davis [59] claim
to display streamlines in a 3-D box under natural convec-
tion, these lines are actually streaklines or pathlines as
presented and discussed by many authors; for example,
Bednarz et al. [60]. Bednarz et al. [60] report experimental
Fig. 11. Energy streaklines in a 3-D cubical cavity under natural convection at
wall (X = 0 to 1, Y = 0.5, and Z = 0), (b) 13 equidistance energy streaklines from
one energy streakline from the lower part of the hot wall (X = 0.1, Y = 0.2, an
(X = 0.9, Y = 0.2, and Z = 0).
results with numerical verification of natural convection
flow and thermal fields in a cube in a magnetic field. In
order to show the energy flow in a 3-D problem, the three
components ( _Ex, _Ey , and _EzÞ of the energy flux density vec-
tor are calculated from the converged results of velocity
and temperature. These three components are used to trace
an imaginary path of energy flow similar to the pathline
trace that is seen in references [59,60]. For demonstration
purposes, the special 3-D case of natural convection inside
a differentially heated cubical cavity is selected for
Ra = 103. The commercial code StarCD/StarWorks [61]
are used to calculate the flow and thermal fields results.
The hot and cold walls of the cavity are shown in
Fig. 11a with the remaining walls thermally insulated.
Fig. 11a and b show the ‘‘free” energy pathline originating
at the middle portion and lower portion of the hot wall,
passing through the fluid, and terminating at the cold wall.
Two energy pathlines are shown in Fig. 11c and d where,
for each case, the energy pathline originates at the hot wall
(the point of origin is indicated by a filled circle at the hot
wall), makes complicated spiral loops inside the fluid
region, and finally terminate at the cold wall (the point of
termination is indicated by a filled circle at the cold wall).
Ra = 103. (a) 10 equidistance energy streaklines from the middle of the hot
the lower part of the hot wall (X = 0.25 to 0.75, Y = 0.05, and Z = 0), (c)

d Z = 0), and (d) one energy streakline from the lower part of the hot wall
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8. Conclusions

The main objective of this paper is to propose the new
method of energy streamlines to visualize total energy flows
in convective heat transfer problems. This new approach is
analogous to the use of ‘‘streamfunctions” and ‘‘stream-
lines” to visualize fluid flow; ‘‘heatfunctions” and ‘‘heat-
lines” to visualize combined conductive–convective
thermal energy flow; and ‘‘massfunctions” and ‘‘masslines”

to visualize mass flow, but with a focus on total energy
flow. An expression for the energy flux density vector is cal-
culated in order to solve a Poisson type equation for the
energy streamline. The magnitude of this energy flux den-
sity vector is equal to the amount of energy passing, in unit
time, through a unit area. The energy streamline distribu-
tion pattern for a particular problem depends on the trans-
port property Péclet number (forced convection) or
Rayleigh number (natural convection). Hot walls always
act as sources while cold walls act as sinks for energy
streamlines. An energy streamline is said to be ‘‘free” that
originates at the hot wall, passes through the fluid, and
terminates at the cold wall, while one that originates inside
the fluid region and forms a closed loop is said to be
‘‘trapped”. As expected, for a vanishingly small velocity
(Pe ? 0 or Ra ? 0), the energy streamline simplifies to
the heat flux line. For a negligible kinetic energy
(Ec ? 0), the energy streamline simplifies to the heatline
in the absence of any external or internal source of energy.
As for unsteady problems, the energy streamfunction can
be calculated from the time averaged energy flux density
vector, and as for 3-D problems, the concept of energy
streamlines is replaced by energy pathlines.
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